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Abstract 

This paper is devoted to the study of some quahtative and quantitative aspects 
of nonlinear propagation phenomena in diffusive media. More precisely, we consider 
the case a reaction-diffusion equation in a periodic medium with ignition-type non- 
linearity, the heterogeneity being on the nonlinearity, the operator and the domain. 
Contrary to previous works, we study the asymptotic spreading properties of the 
solutions of the Cauchy problem with general initial conditions which satisfy very 
mild assumptions at infinity. We introduce several concepts generalizing the notion 
of spreading speed and we give a complete characterization of it when the initial 
condition is asymptotically oscillatory at infinity. Furthermore we construct, even in 
the homogeneous one-dimensional class of initial conditions for which highly 

nontrivial dynamics can be exhibited. 



1 Introduction 

We consider reaction-diffusion-advection equations of the type 

Ut-V ■{A{z)Vu) + q{z)-Vu = f{z,u), zeQ, 

uAVu = 0, z edn 

in an unbounded domain (connected and open) Q C which is of class C^'" for some a > 
0. We denote by z/ the outward unit normal on dfl. For any two vectors ^ = (^i, . . . , ^n) 

*The first author is indebted to the Alexander von Humboldt Foundation for its support. The two 
authors are also supported by the ANR project PREFERED. 
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and ^' = {^[, . . . , in and any N x N matrix B = (-Bjj)i<ij<Ar with real entries, we 
write 

^<i,j<N' 

The coefficients of fll.ll) are not assumed to be homogeneous in general, as well as the 
underlying domain Q. Instead, we just assume that there exist two real numbers L > 
and R> such that 

V 2; = (x, v) G Q, \v\ < R, 

(1.2) 

ykeLZx{o}^'\ n = n + k, 

where 

x = xi, y = {x2,- ■ ■ z = {x,y) 

and I ■ I denotes the euclidean norm. The domain Q is then an infinite cylinder which is 
unbounded in the direction x, its boundary dQ may be straight or undulating, and Q may 
also contain periodic perforations. Let C be the periodicity cell defined by 

C = {z = {x,y) en, xe (0,L)}. 

Throughout the paper, we assume that the matrix field z A{z) = {Aij{z))i<ij<N- 
is of class C^'"(f2), symmetric and uniformly elliptic, that the vector field z ^-^ q{z) = 
{Qi{^))i<i<N is of class C°'°(n), divergence-free (V-g = in i7) and tangent to the boundary 
ofQ [q-u = on dQ), and that the nonlinearity / : {z, u) {e flxM.) 1— f{z, u) is continuous, 
of class C°'" with respect to z locally uniformly in -u G M and we assume that the restriction 
of / to X [0, 1] is of class with respect to u. All functions Aij, qi and /(■, u) (for all 
u G M) are assumed to be periodic, in the sense that they satisfy 

w{x + k,y) = w{x, y) for all (x, y) eVL and k G LZ. 

The vector field q is normalized in such a way that 

q{z)dz = 0. 

c 

The nonlinearity / is also assumed to be of combustion type: there exists 9 G (0, 1) such 
that for every z E Q, 

f{z, ■) = on (-00, 9] U [1, +00), 

df f(z 1 - s) (1-3) 

/(z,-)>0 on(g,l), g^(z,l-) = -lim /^^'' < 0. 

Under the previous structural assumptions on the domain and the nonlinearity, we 
study the Cauchy problem 

Ut-V ■ {A{z)Vu) + q{z) -Vu = f{z,u), t>0,zen, 

vAVu = 0, t > 0, 2 G (9fi, (1.4) 

^(O, z) = Uo{z), z e Q, 
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where the initial value uq : Q ^ [0, 1] is uniformly continuous and satisfies the following 
mild conditions at infinity 

lim ( sup uo{z) ) < 6 and lim ( inf uo{z) ) > 9. 

^^+'^^z=ix,y)en,x>A ' A^~oc,\z=(x,y)(i^,x<A J 

For sake of conciseness, we will denote the previous limits as 

lim sup Mo(^) < Q and lim inf ^0(2;) > Q. (1-5) 



The assumption of uniform continuity for mq is just made to ensure the solvability of the 
Cauchy problem. Notice also that, since uq satisfies < mq < 1 in f2 and is not identically 
equal to or 1 because of fll.Sp . the solution u of fll.4p satisfies 

< u{t, z) <1 for all t > and ;z G n (1.6) 

from the strong parabolic maximum principle and Hopf lemma. 

The main assumption (11.50 means, roughly speaking, that the initial condition mq is 
front-like in the direction x, uniformly with respect to the orthogonal variables y. But 
it is important to notice that we do not assume that Mq converges to some constants as 
X ±00. The goal of this paper is to study propagation phenomena for the solutions u 
of (11.41) when the initial conditions just satisfy (II. 5p . We shall see that these very weak 
assumptions at initial time give rise to a large variety of asymptotic spreading properties 
and possibly complex large-time behaviour. To this end, we first define the following two 
quantities, which shall stand for minimal and maximal asymptotic spreading speeds: 

Definition 1.1 Let uq be as before. We define the lower spreading speed c*(mo) associated 
to ([H]) as 

c*(mo) = sup£^^,(uo) 

where 

£^{uii) = \ ce^\'i c < c, lim f _inf u{t, z)) = l\ . 
y t-*+oo V z(^n, x<c't / J 

We also define the upper spreading speed c*{uq) associated to (ll.4p as 

c*{uo) = inf £:*(mo) 

where 

£*{uo) = <cG]R|Vc'>c, lim sup ( sup u{t,z)] < 1 ^ • 

t^+co V z(zTi, x>c't ^ J 

Qualitatively, the previous definitions show that an observer who moves at speed c in 
direction x will see for large times the steady state 1 if c < c,,, {uq) and will be away from 1 
if c > c*(mo). It follows in particular from Definition [LT] and (11.60 that, for all A G M, 

lim ( sup \u{t,x + s,y) — 1\\ = Q ii c < c^{uq) 



3 



and 

limsup f sup u{t,x + s,y)] < 1 if c > c*(mo). 

t^+oo ^ {x+s,y)en, x>A, s>ct ^ 

Notice that by definition, there always holds 

c*(uo) < c*(mo). 

Furthermore, if c^{uq) G R, resp. c*(mo) G R -we shall see in Theorem 11.31 that this is 
automatically true due to (11. 5p - then c=k(mo) = max£^=K(Mo), resp. c*(mo) = min£'*(Mo). 
However, this does not mean in general that 



lim ( _ inf u{t^ z] 



< 1. 



or 

limsup I sup u{t, z) 

This paper is devoted to some characterizations of the lower and upper spreading 
speeds c^{uq) and c*{uq) given in Definition ll.H when uq satisfies the above conditions (11.51) . 
We will derive some estimates for these spreading speeds and provide an example for which 
c*{uq) 7^ c*(mo), even in the homogeneous case. 

One of the key points to understand propagation phenomena for the Cauchy pro- 
blem (11.41) is based on the existence of a family of pulsating travelling fronts for (11.11) . In 
particular, we shall relate the spreading speeds c^{uq) and c*{uq) to various speeds of fronts 
connecting two stationary states of the equation. Given any real number 7 G (—00,6'), a 
pulsating front connecting 7 to 1 and travelling to the right with effective speed c 7^ is a 
special time-global solution m : M x 1] ^ (7, 1) of (II. ip satisfying the periodicity condition 

VA; G LZ, V(t,x,?/) G R X n, u{t -^,x,y^ = u{t,x + k,y) (1.7) 

and the additional asymptotic conditions 

lim M(t,z)=7 and lim u{t,z) = l. (1.8) 

X— >+oo x^— 00 

The previous limits (II. 8p are taken locally in time and uniformly in y. Another way to 
describe a pulsating front is to use a hull function : R x i7 h-^ (7, 1) and write u as 

u{t, z) = ip{x — ct, z) 

where the function z{e Q) ^ ip{s, z) is periodic in Vt for each s G R, and 

ip{+oo, ■) = 7, ip{—oo, ■) = I uniformly in Q. 

The existence and properties of pulsating travelling fronts have been obtained in [451 145] 
for the case of the whole space R^ and in [3l Hj in the general periodic framework and 
with general combustion-type nonlinearities, covering the situation of the present paper. 
We sum up the result in the following theorem 
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Theorem 1.2 [3l H] Let the nonlinearity f be of the combustion type i \1.3^ . For any 

7 G (—00, 9), there exists a unique speed c = c^, which is positive, such that problem ( II. ip 
has a pulsating travelling front solution satisfying ( | i. 7p and f 1 1.8\) . Furthermore, the 



function is unique up to shifts in time and the map -y c^ is continuous and increasing. 

Under assumption (\l.3\i . a great attention has been to be devoted to the properties of 
fronts in the homogeneous one- dimensional version of (11. ip . and then in straight infinite 
cylinders (see e.g. pJJ). Of particular interest are the stability of these fronts and the 
convergence to the fronts of the solutions of Cauchy problems of the type fll.4p when the 
initial condition uq is in some sense close to a given front and has the same (constant) limit 
as it when x — > +00 [101 [2Sl EH EHl [39] . Initial conditions with compact support have also 
been considered. Under some conditions, that is if they are above and away from 6' on a 
sufficiently large set, then they develop into a pair of diverging fronts |26l [39], H?] . However, 
in the general periodic setting, the question of the global stability of the travelling fronts 
still remains open, even for initial conditions having the same constant limit 7 as a given 
front u-y when x — >■ +00. As a matter of fact, the present paper is at least twofold: firstly, 
we show the convergence in speed for a more general class of asymptotically periodic (when 
X — > +00) initial conditions, and secondly we prove that such convergence does not hold 
in general, even in the homogeneous case, when the initial conditions just satisfy (11.51) . 

Let us mention here that other types of nonlinearities have also been considered in 
the literature. For instance, some existence and stability results of fronts with bistable 
reaction terms are known, but they are mainly concerned with homogeneous or close-to- 
homogeneous media, or with media which are invariant in the direction of propagation 
p!8| [30] [39] 1^ . One of the most famous results in this spirit is the following one: in the 
homogeneous setting with bistable reaction-terms / : [0, 1] ^ M satisfying 

/(O) = fie) = /(I) = 0, / < on (0, 0), / > on (6, 1), /(O) < 0, /'(I) < 

for some 6 G (0,1), front-like initial conditions satisfying (11.50 are known to converge 
to the unique front connecting the two stable zeroes and 1 of / [18]. This is due 
to the strong attractivity of these two stable states. As will be seen, in the combus- 
tion case (II. 3p considered in the present paper, new interesting and more complex phe- 
nomena shall occur, due to the existence of a continuum of stationary states (below 6). 
Lastly, for monostable or particular Kolmogorov-Petrovski-Piskunov [27] type nonlinear- 
ities, existence and qualitative properties of pulsating travelling fronts in periodic me- 
dia have been established in [3] [71 |19l HU [Mj, [351 [IS]- In this case, the set of possible 
speeds is a half-line [w*, +00). Estimates of the minimal speeds w* have been derived in 
[HI [3 m HSl HZl [231 HI HB] ■ Since the seminal paper of Aronson and Weinberger py in the 
homogeneous setting in M-^, much work has also been devoted to asymptotic spreading 
speeds in KPP-type reaction-diffusion equations with compactly supported initial condi- 
tions in periodic or more general media [5] [H [311 [321 [13], with exponentially decaying 
initial conditions [21[I21[2ni[ni[21[2Sl[231[2Sl[12]or with slowly decaying initial conditions 



Let us now come back to the Cauchy problem (11.40 under assumption (11.31) . As already 
emphasized, the main goal of this paper is to consider (11.40 with a very large class of front- 
like initial conditions, satisfying (II. 5p . which are not required to converge to any constant in 
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the direction of propagation or to be close to any pulsating front. Before stating our main 
results, we just need to introduce a few more notations. We consider the following linear 
advection-diffusion equation with the same initial data Uq as for the nonlinear Cauchy 
problem (11.41) . but with zero right-hand side: 

Vt-V ■ {A{z)Vv) + q{z) -Vv = 0, t>0, z en, 

uAVv = 0, t>{], zedVL, (1.9) 
w(0, z) = Uo{z), z e il, 

Then, we introduce the following quantities, which will play an important role in the sequel 

ctminiuo) = lim ( liminf t>(t, 2;) ) 

t— >+oo V X— >+oo / 

and 

amax(^io) = lim {\imsnpv{t, z)). 

The limits in time in the previous two quantities are well-defined real numbers since the 
maps t I— >• lim inf i,.^+oo 'vit-.A and t i— >• lim sup ^.^^.q^ v{t,z^ are bounded (in [0,1]) and 
respectively nondecreasing and nonincreasing in time by the parabolic maximum principle 
(see Remark 12.31 after Lemma [2.21 for more details). Furthermore, there holds 

< amm(tio) < «max(Mo) < limsupMo(2:) < Q. 

x— >+oo 

In particular, if Uq{z) ^ 7 as x ^ +cxd for some real number 7 G [0,6'), then amin(wo) = 

amax(%) = 7- 

We can now state the main results of this paper. The first theorem provides lower and 
upper bounds for the lower and upper spreading speeds c^{u^ and c*(mo). 

Theorem 1.3 Let u he the solution of (11.41) with any uniformly continuous initial condi- 
tion uq : VL ^ [0, 1] satisfying (11.51) . Then 

liminff in£-u(t, 2) ) > amm(wo) 

and 

c„^i„(«o) < c*(mo) < c*(uo) < c„^,4«o)' (1-10) 
where we recall that Cq,^.^(uq) and Ca^^-^iui^) denote the unique speeds of the pulsating fronts 
of connecting arainiuo) and a^a_^{uQ) to 1. Furthermore, for every c > Ca^^^{uo)) there 
holds 

limsupf sup M(t,^) j < amax(Mo)- 

Thus, Theorem 11.31 provides bounds for the asymptotic spreading speeds c^{uo) 
and c*{uo). The following theorem states a complete characterization of these spreading 
speeds when the initial condition is assumed to be asymptotically periodic in the right 
direction. 
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Theorem 1.4 LetuQ : Q ^ [0, 1] be a uniformly continuous function such that there exists 
a uniformly continuous periodic function Wq : Q [0,6) satisfying 

lim \uo{z) — Wo{z)\ = 0. 

X— >+oo 

Then amin(wo) = c^maxiuo) = <Wo>, and consequently 

c*(mo) = c*{uo) = C^wo>, 

where 

<Wo>= fwoE [0,9) 
Jc 

denotes the average of the periodic function wq and c^wo> "^^ the unique speed of the pul- 
sating travelling front of (11.11) connecting <wo> to 1. 



As a consequence of Theorem 11.41 we have convergence in speed in the following sense: 
for any given value A G {<Wo>, 1), the set 

Et,x = {ix,y) e n, u{t,x,y) = A} 

is not empty for large t and 



min{x I 3y, {x,y) E Et^x} max{x | 3y, {x,y) G Et,x} 
lim ■ — = lim ■ — = c 

t^+oo t t—*+oo t 



<wo>- 



In particular, for any family {x{t),y{t)) in Q such that u{t,x{t),y{t)) = A, then x{t)/t 
converges to c<t„p> as t — * +00. This corresponds exactly to the notion of convergence 
in speed. However, it does not mean that x{t) — c^^gyt converges as t — ^ +00 or is even 
bounded. But we conjecture that x{t) — c<^Q>t converges as t ^ +00 provided that uq 
converges to wq sufficiently fast (exponentially) as x +00. A remaining open question 
is the convergence in profile of u{t, ■) to the one-parameter family of time shifts of the 
pulsating front m<^o>. 

In the previous two theorems, we established some general properties and bounds of 
the lower and upper spreading speeds c^{uo) and c*{uo), and we considered an important 
class of initial conditions for which these two quantites are equal. In what follows, we 
exhibit a class of initial conditions uq for which c*(no) < c*{uo) and, among other things, 
we will see that the behaviour of the solution u along the rays with speeds c between c*(mo) 
and c*{uo) is rather complex. For the sake of clarity of the presentation, we only consider 
here a simple one-dimensional and homogeneous framework -more general heterogeneous 
equations with the same type of initial conditions and the same type of long-time behaviour 
could be dealt with. Consider the following Cauchy problem 

= f(u), t>0, xeR, 

^ ^ (1.11) 

= Uo{x), X G M, 
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where the nonhnearity / is of the combustion type (II .Sp . as above, but it depends on u 
only. For each 7 G (—00, 9), let ip^ denote the unique (up to shifts) travelling front of fll.lip 
connecting 7 to 1, with unique speed c^, that is 



^'!^ + c^^'^ + f{^^) = inM, 

00) = 1 > ip^{x) > {p^{+oo) = 7 for all x G 



;i.i2) 



Theorem 1.5 Let a < 13 he any given real numbers in [0,6*). There are initial conditions 
Mq : R ^ [a, 1] such that 

liminf uq{x) > 9, 

x—*—oo 

3AeR, \^x> A, a< uo{x) < f3 
and such that, under the general previous notations, 

amm{uo) = a, amax(Mo) = /3, (mq) = C„ < C/3 = C* (uq) • 

Furthermore, 

Vt > 0, (y < u(t, ■) < 1, u(t,—oc) = l, liminf x) = a </? = lim sup x) 



and 



' V c < c,(mo), V a G M, 

V X G M, 3 a, e [a, 1], 

V c G (c*(mo), c*{uo)), V X G 
VxgM, 3/3, G [A 1), 

V c*(mo), V a g M, 

V c*(mo), VxgM, 



1 uniformly in {—00, A], 



lim M(tfc, c*(Mo)tfc + a;) ^ = 1], 

lim u{tk,ctk + x) \ = 

lim M(tfc,c*(Mo)4 + ^ = [a,/?,], 

lim ( sup u{t, at + x)) = (3, 

lim u{tk,ctk + x) } = [a,l3]. 



Let us now comment the construction and the long-time behaviour of the solutions u 
given in Theorem 11.51 The initial conditions uq are constructed so that uo{x) oscillates 
between a and /? as x ^ +00, on larger and larger intervals. This way, the solution u 
will somehow oscillate at large times between two approximated fronts whose speeds are 
approximately equal to c^{uo) = Ca and c*(mo) = cp. In other words, the "location" ^(t) 
of the solution, that is ^{t) G M such that u{t,C^{t)) = 9, oscillates between Cat and C/jt, 
which means in particular no convergence in speed. We nevertheless provide quantitative 
estimates on ^{t) over some reasonably large time intervals (precise statements will be 
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given in Section [3l see in particular the proof of Lemma [STTl and Remark 13.21 below) . Thus, 
the values of u{t, ct + x) along any ray with a given speed c e {c^{uo), c*{uo)) describe at 
the limit the whole interval [a, 1], in the sense that the set of limit values of the function 
1 1—*- u{t, ct + x) as t — > +00 is equal to the whole interval [a, 1]. In the moving frame with 
speed c=k(uo) (resp. c*{uq)), as we shall see in Section [3], the solution u is actually separated 
from a (resp. 1) uniformly in (—00, A] (resp. [A, +00)) for any A G M, in the sense that 



However, these limits are never uniform in space, since inf]R'u(t, ■) = a and sup]^ «(/!:, ■) = I 
for all t > 0. 

Under the general notations and assumptions of this paper, the speed c=k(mo) is by defi- 
nition the largest speed for which the solution u converges to 1 in any right-moving frame 
with a speed sma//er than c^{uo) (and even uniformly in any given set {x < A}). However, 
one of the main interests of Theorem 11.51 is to show that, even for the homogeneous equa- 
tion (11.111) . the solution u may not in general be separated from 1 in all moving frames with 
speeds largerthan c*(mo): indeed, in Theorem II. 5 j there holds limsupf^,^^ u{t,ct + x) = 1 
for all c G [c^:{uo),c*{uo)) and a; G M, with c=k(uo) < c*{uo). On the other hand, again by 
virtue of our general definitions, the solution u is always separated from 1 in any right- 
moving frame with a speed larger than c*{uo). However, in any such moving frame, the 
solution u may still have a complex behaviour and it may not converge locally to a constant 
in general, as seen as a byproduct of the last assertion in Theorem II. 5 [ Lastly, the solution 
u of (II. 4p may not in general be separated from its infimum value in all moving frames 
with speeds sma//er than c*{uo), since, in the example given in Theorem ll.5[ there holds 
liminfi^+00 u{t, ct + x) = a for all c G (c*(ko), c*{uo)] and x G M, with c*(wo) < c*{uq). 

Lastly, we mention that non-convergence results similar to the ones described in The- 
orem [T3] for c G (c=k(uo), c*(uo)) are also known to hold for the heat equation, see [H] and 
Remark 13.31 below. Other complex behavior may also occur for the nonlinear equation 
Ut = Au + f{u) in with bistable-type nonlinearity / and some appropriate initial condi- 
tions which are trapped between two shifts of a given conical front (the solutions may not 
in general converge to a unique shift of the given front, see [IQ]), as well as for supercritical 
semilinear heat equations with some initial conditions which are trapped between two or- 
dered stationary states (the solutions may not in general converge to a unique stationary 
state, see ^36j). 

2 General properties 

This section is concerned with the proof of the general properties of the lower and upper 
spreading speeds c*(mo) and c*{uo). We begin in Subsection 12.11 with the proof of The- 
orem 11.41 since it follows straightforwardly from Theorem 11.31 Then Subsection 12.21 is 
devoted to the proof of Theorem 11.31 




(1.13) 
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2.1 Asymptotically periodic initial conditions 

In this subsection, we prove Theorem II .41 assuming the conclusion of Theorem II .31 To this 
end, we shall use the following theorem, providing Gaussian estimates (see Theorem 6.1 
in [15]) for the fundamental solution of the linear equation (11. 9p . 

Theorem 2.1 [15j Let p{t, z, z') be the kernel of the operator dt — V ■{A'V) + q-'V inVt with 
no- flux boundary conditions uAVp = on dQ. Then there exist some constants Co > 0, 
ciJi > and 1^2 > such that for all < t < +00 and {z, z') G Q 

I '|2 

\p{t,z,z') \ < Cot~^e^''-^^ (2.14) 



In order to prove Theorem 1 1.4[ we will need the following lemma, which is a consequence 
of the above Gaussian estimates. 

Lemma 2.2 Let v {resp. w) be the unique solution of the linear equation (ll.9p in Q with 
a uniformly continuous and bounded initial condition Vq : Q —>■ [resp. Wq : Q ^ M.). 
Assume furthermore that 

lim \vo{z) — Wq{z)\ = 0. 

I— >+oo 

Then, for allt>0, 

lim \v(t, z) — w{t, z)\ = 0. 

Proof. The proof uses standard arguments. We just do it here for the sake of completeness. 
By uniqueness of the solution of the Cauchy problem, the function ip{t, z) = v(t, z) —w(t, z) 
satisfies 

(p{t,z)= 1 p{t, z, z') (p{0, z') dz' 



Jn 

for all t > and z & Q. Let t > and e > be any two arbitrary positive real 
numbers. From the assumption of the lemma, there is A G M such that |(/9(0,z)| < e for 
all z = {x,y) E Q such that x > A. Set 

fi+ = {z' = {x',y') en, x'> A} and = {z' = {x',y') e n, x' < A}. 

For all z = (x, y) G fl, there holds 

\{p(t,z)\ < £ p{t, z, z') dz' + / p(t,z,z')\{p{0,z')\dz' 
Jn+ Jn- 

f I '|2 

< e + Co \\vo - wolloo e"^!* / e -2* dz' 
from Theorem 12.11 From (11.21) , it follows that 

/A . /|2 

\x — x 
e~^^dx', (2.15) 
-00 



pN-l 



where Cn,r > denotes the Lebesgue measure of any euclidean ball of radius R in 
Since the last integral does not depend on y and converges to as x +00, one concludes 
that there exists B E M. such that |(y9(t,2;)| < 2e for all z = {x,y) E Q such that x > B, 
which gives the desired conclusion. □ 
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Remark 2.3 Under the notations of Lemma \2.2\ it follows that the quantities m{t) = 
\immfj.^+oo vit, z) and M{t) = limsup^^^^o 2;) are respectively nondecreasing and 
nonincreasing with respect to time t. It is obviously sufficient to deal with m{t). To do 
so, let < ti < ^2 < +00 be fixed, and let e > be arbitrary. There exist then A G M 
and a uniformly continuous and bounded function : ^ M such that v{ti, ■) > Wq in Q 
and ^0(2;) = m{ti) — e for all z = {x,y) E such that x > A. The maximum principle 
yields v{t + ti,-) > ■) in f2 for all t > 0, where w denotes the solution of (11.91) with 
initial condition wq. But Lemma [2^2] implies that lim^^^+oo w{t, z) = m{ti) —e for all t > 0. 
Consequently, m{t2) > Tn{ti) — e. The conclusion follows. 

Proof of Theorem 11.41 Let w be the solution of (11.91) with an initial datum wq as in 
the theorem. It is then classical to check that 

lim w{t,z) = <Wo> uniformly in Q, (2.16) 

t— »+oo 

where < wo > denotes the average of the periodic function wq. Indeed, w(t,-) remains 
periodic for each t > by uniqueness of the Cauchy problem. Furthermore, min-^ w{t, ■) = 
mm-^w{t, ■) and maxjyw(t, ■) = max^z/;(t, ■) are bounded, and respectively nondecreasing 
and nonincreasing in t > 0. Let (in)neN be a sequence of positive times converging to +00 
and {zn)neN be a sequence of points in C such that 

lim w{tn,Zn)= lim ( mmw{t^ ■)) =: m. 

From standard parabohc estimates, up to extraction of subsequence, the x-periodic func- 
tions 

Wn{t,z) = W{t + tn,z) 

converge locally in t and uniformly in f2 as n — +00 to a classical solution Woo of the same 
equation (II. 9p in R x Furthermore, Woo > m in R x f2 and miUfyWoolO, ■) = m. Thus, 
Woo = m in R X from the strong parabolic maximum principle. This implies that, given 
any e > 0, there is G N such that \w(tN, ■) — m| < e in Q, whence 

\w(t, z) — m\ < e for all (t, z) G [t^, +00) x VL 

from the maximum principle. As a consequence, w(t, z) m as t — +00 uniformly in Vt. 
On the other hand, integrating the equation (11.91) in C at any time t > implies that 
the function t h{t) = f^w(t, z) dz is constant in t > 0, because q is divergence-free 
in Q and tangential on dQ. Since w{t,z) Wo{z) as t — > 0"'' for all z G C and the 
function w is globally bounded, Lebesgue's dominated convergence theorem implies that 
h{t) = <Wo> \C\ for all t > 0, where \C\ denotes the Lebesgue measure of the periodicity 
cell C. Eventually, this yields fl216|l . 

Therefore, by the uniformity of the limit (12.161) and by Lemma 12.21 we deduce that 

amin(Mo) = amax(Mo) =<Wo> ■ 

'^amax(Mo) fro'^ Theorem [L3j Hence, 
c*(mo) = c*(mo) = C<wo>^ 
and the proof of Theorem 11.41 is complete. □ 
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2.2 Lower and upper bounds for c^{uq) and c*{uq) 

The following section is devoted to the proof of Theorem II .Si We start with a general result 
ensuring that any solution of (11.91) with a compactly supported initial datum converges 
uniformly to as t ^ +cxd. 

Lemma 2.4 Let w be the solution of the linear equation 

Wt-V ■ {A{z)Vw) + q{z) ■ Vw = 0, t > 0, 2 G n, 

uAVw = 0, t > 0, z e (9fi, (2.17) 

w{Q,z) = Wo{z), zeQ, 

where wq : Q —>■ is continuous and compactly supported in Q. Then, for all t > 0, 



w{t,z)dz= / Wo{z)dz. 
n Ja 

Furthermore, w{t, z) as t +oo uniformly in f2. 

Proof. First of all, since Wq has a compact support, denoted hj K = supp(iL'o), the 
following pointwise estimate follows from Theorem 12.11 

Vt>0, V^efi, \w{t,z)\<CQ\\wo\\^t-^e'''^ e ^dz'. (2.18) 

Jk 

By pointwise gradient bounds (see [28]), we get that, for every t > and every z E Q, 



\yzwit,z)\ < C{t) max k(t',^')l 

t'e[t/2,t],z'en, \z'-z\<i 



where C(t) depends on t but not on z. As a consequence, for any < a < 6 < +oo, there 
are positive constants C'^ ^ and u!a,b which depend on a and b, such that 



Vt G [a, 6], V;z G n, \w{t,z)\ + \V,w{t,z)\ < C'^^^e 



-i^a,b\z\^ 



Notice in particular that the integrals of w and jV^wl over Q converge at any time t > 0. 
Fix now any two times < t < t'. Integrate the equation 

Wt = V ■ {A{z)Vw) -q-Vw 

over [t,t'] X [Q n -B/j), where Bji denotes the euclidean ball of centered at the origin 
with radius R, and pass to the limit as i? — > +oo. It follows from the previous estimates 
that 

/ w{t^z)dz= / w{t',z)dz, 
Jn Jq 

using once again the assumptions that q is divergence-free in Q and tangential on the 
boundary dQ. 
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Lastly, we know that w(t, z) Wq{z) as t — > 0+ for all z eVL. Moreover, \w\ < ||wo||oo 
in [0, +00) X Vt. On the other hand, there is > such that 

\z - z'\>r] \z\ for all z' e K and z eTi \ {K + Bi). 

Therefore, it follows from fl2.18l) that, for all < t < min(l, l/co'2) and z eTl\{K + Bi), 

JV f y JV f „ 

\wit,z)\ < Co \\wo\\ootoi I e-l^ I dz" < Cq \\wo\\ocUji e^^ / e"!" I dz" . 



Since the right-hand side does not depend on t and is integrable (with respect to z) over 
Q \ {K + Bi), Lebesgue's dominated convergence theorem finally yields that 



w(t, z) dz / wo(z) dz as t — > . 
n Jq 

Hence, for every t > 0, the integral of w(t, ■) over Q is the same as that of wq- 

Let us now prove that w converges to as t ^ +00 uniformly in Q. Consider first the 
case when wo is nonnegative, whence w{t, ■) > in f2 for all t > 0. The quantity 

i(t) = supw{t, ■) 
n 

belongs to [0, HuioHoo] and it is nonincreasing with respect to t > 0, from the maximum 
principle. As a consequence, it has a limit in [0, ||tfo||oo] when t — ^ +00, denoted ioo- 
Assume that £00 > 0. Then there exist a sequence {tn)nm and a sequence of points {zn)nm 
in Q such that t„ +00 and w{tn,Zn) — ^00 as ^ +00. Denote Zn = {xn,yn) = 
{knL + x'^,yn), where kn & 1^ and {x'^,yn) G C. Up to extraction of a subsequence, the 
points (a;'„, ?/„) converge to z^c & C and the functions 

Wn{t, z) = Wn(t, X, y) = w(t + tn,x + k^L, y) 

converge locally uniformly in M x to a classical bounded solution Woo of the same equation 
as w, such that i^oo < £00 in M x and ifoo(0, Zoo) = ^oo- Therefore, Woo = £00 in M x f2 
from the strong parabolic maximum principle. In other words, the functions Wn{t,z) = 
Wnit,x,y) = w(t + tn,x + k^L^y) converge locally uniformly in M x i7 to the positive 
constant 1 001 which implies that the integrals of the nonnegative functions w(t„, ■) over VL 
cannot stay bounded. This leads to a contradiction. Thus w{t, ■) ^ as t ^ +00 
uniformly in f2. 

In the general case when wq has no sign, one can write Wq = Wq — Wq , where 
'^oi^) = max(wo(a;), 0) and Wq{x) = max(— Wo(a;), 0) for all x G By uniqueness 
and linearity of the Cauchy problem (12.171) . it follows that w(t,z) = Wi(t,z) — W2{t,z) 
for all t > and z ^ Q, where Wi and W2 solve (12.171) with initial conditions Wq and Wq 
respectively. But the previous paragraph implies that Wi and W2 converge to as t — +00 
uniformly in Q, whence limj^+oo ||'U^(^, OIloo = and the proof of Lemma [2.41 is now com- 
plete. □ 

The next lemma provides the proof of the first statement of Theorem II. 3[ 
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Lemma 2.5 Letu be a solution 0/ (11.41) satisfying the assumptions of Theorem \1.3[ Thenu 
satisfies 

liminf ( inf u(t, z)) > amm(Mo)- 

Proof. Fix any arbitrary e > 0. By definition of aram{uo), there exist T > and Ai > 
such that for every z = {x,y) & Q with x > Ai, there holds 

v{T,z) > a,nm{uo) - £■ 

Since \immfx^_aoUo{z) > 6 > a^^^iuo) and since the map t ^ hminf^^_oo t>(t, 2;) is 
nondecreasing (with the same kind of arguments as in Lemma 12.21 and Remark 12. 3p , it 
follows that there exists ^2 < such that for every z = {x,y) E Vt with x < A2, there 
holds 

V{T,Z) >9> amin(Mo) " £■ 

Denote K the compact set 

K = {z = {x,y) eU, Ai<x< A2}. 

Consequently, 

G n\K, v{T, z) > amm(Mo) - £■ 

In particular, since v is also globally bounded, there exists a continuous and compactly 
supported function : — > M such that 

WzeQ, v(T,z) > amin{uo) - e - wo{z). 

By linearity and uniqueness of the Cauchy problem for (I2.17p . it follows that 

Vt > 0, W z E Q, v(T + t,z) > amin(%) — £ — w{t, z), 

where w is the solution of (I2.17P with initial condition wq. On the other hand, using 
Lemma [2. 4[ we know that \\w(t, ■)\\oo — ^ as t — > +00. Hence, 

miv{t, ■) > amin(Mo) - 2£ 
n 

for t large enough. This gives directly the desired result, letting e going to zero and using 
the fact that u > v for every t > and z G by the maximum principle (because / is 
nonnegative). □ 

We now come to the proof of the inequalities (ll.lOp of Theorem 11.31 We first prove the 
following lemma, which gives directly the first inequality, namely Ca^^^{uo) < c*(uo). 

Lemma 2.6 Letu he a solution of (ll.4p satisfying the assumptions of Theorem \1.3\ . Then 
Wc < Ca^,^(uo), ^ A eR, lim ( inf _u{t,x + ct,y)) = 1. 
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Proof. First, observe that there exist (3 > 0, A < and a uniformly continuous function 
?7o : [0, 1] such that 

f^o < uq in Q and f/o(x, y) = 9 + P ii x < A. 

Let / : M — > M_,_ be the function defined by /(s) = min^^Q f{z, s) for all s G M. Let U 
be the solution of the Cauchy problem fll.4l) with the function / being replaced by /, and 
with initial condition Uq. The maximum principle yields < U{t, z) < u{t,z) < 1 for all 
t > and z en. Set ^(t) = lim^.^_oo U{t, z) for all t > 0. The function ^ : M+ -> [0, 1] 
satisfies ^{0) = 6 + P E {9, 1] and ^'(t) = /(^(t)) for alH > 0. From the assumption on / 
made in flL3p . one concludes that ^(t) — 1 as t +oo. Therefore, 

liminf u(t, 2;) — > 1 as t ^ +00. (2.19) 

Then, let us consider a family of continuous functions (/^)o<r?<i-e : ^2 x M ^ M, with 

= /, such that each function is periodic with respect to z, is of class C*'"" with 

respect to z locally uniformly in u, has a restriction to x [0, 1 — rj] which is of class 
with respect to u, and satisfies 

r l^{z, ■)=0 on (-00, ^] U [1 - 7], +00), 

yzeQ,{ df f {z,l~v-s) 

f(z,-)>0 on (0,1 -77), ^(z,(l-,^)-) = _lim =^^ < 0. 

Furthermore, the functions (/^) are chosen in such a way that r] ^ f is nonincreasing 

in [0, 1 — 9) for each (z, -u) G i7 x M, and f ^ f as rj uniformly in x R. For each 

7 G {—oc, 9) and 77 G [0, 1 — 6*), it is known [3] that there exists a unique speed c^^^ > 
and a unique (up to time shifts) front 

RxQ3 {t,z) ^ u^^^it, z) = ^^Jx - c^^^t, z) G (7, 1 - ri) 

solving (11.11) with f ^ instead of /, and satisfying (11.71) and (II. 8p with c^_^ and 1 — 77 instead 
of c and 1, respectively. From Theorem ll.2[ the speeds = q continuous with 
respect to 7 < 6^. It also follows from [51 S] that c^,^ q = as 77 ^ 0, for each 

7 G (-00,0). 

Fix now any real number c such that c < Cq-^^jj^ („(,), any real number A and any positive 
real number e > 0. From the previous paragraph, one can choose k > small enough and 
then ?7 G (0, e) small enough so that 

^ ^ -amin(«o)-K,?? ^" ■ 

In order to conclude, we will put below the solution u of (11.41) a pulsating front sub- 
solution which will travel at speed Ca^i„(uo)-K,7y will be larger than 1 — e on the left. 
Indeed, from Lemma [2.51 and (I2.19p . there exists a time T > such that 

liminf m(T, z)> \ — r] and iniuiT^ z) > amm('"o) — f^- 
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Since ^,_(„„)_,,,(-oo,-) = 1 - and ^„^^^(„^)_,_^(+oo, ■) = - ^, there exists 

then a time-shift To G M such that 

u{T, z) > M„^.„(„o)_«,^(T + To, z) = - c (T + To), z) for all z e Q. 

Since < /, the function u^^.^(^uo)-K,ri is a subsolution of the equation (11.11) . whence 
u{t, z) > + To, z) = - c'{t + To), z) for alH > T and 2; G H 

from the maximum principle. In particular, for all t >T, 

inf _u(t,x + ci,y)> inf _ip {x + {c — c')t — c'Tq,x + ct,y). 

x<A, {x+ct,y)en x<A, {x+ct,y)£n —°min(,«0 

But since c < d and o? , , (— oo,-) = l — r7>l— e uniformly in fi, one concludes 
that 

inf _u{t, X + ci,y) > 1 — e 

x<A, {x+ct,y)en 

for t large enough. That completes the proof of Lemma 12. 6[ □ 

The next lemma is a key step which will lead to the end of the proof of Theorem 11.31 

Lemma 2.7 Let u be a solution of fll.4l) and v a solution of fll.9l) . with the same initial 
condition uq satisfying the assumptions of Theorem \1.3[ Then, for all t > 0, 



lim (u{t, z) — v{t, z)) = 0. 



We postpone the proof of this technical lemma to the end of this subsection and we 
finish the proof of Theorem 11.31 

End of the proof of Theorem 11.31 We shall prove 

lim sup ( sup u{t, X + ct,y)] < a„ii^x{uo) (2.20) 

t^+oo ^ x>A,{x+ct,y)(^n ' 

for any A G M and for any speed c such that c > Ca^^^^(u(i)- This will give the last assertion 
of Theorem 11.31 and will also imply that c*(mo) < Cq,j^^^(„„). 
Observe first that 

lim ( limsupu(t, z) ) < amax(^io)- (2.21) 

Indeed, the same property holds for v by definition of amax(wo), where v is the solution 
of (II. 9p with the same initial condition as u. Therefore, (12.211) follows from Lemma [2n 
We shall then construct a pulsating travelling front which will be a supersolution for u 
and which will travel to the right at a speed larger than but close to Ca^^^^{uQ)- The proof 
proceeds in a similar way as in Lemma 12.61 Consider a family of continuous functions 
{fr])v>o : X M ^ M, with /q = /, such that each function /.^ is periodic with respect to z, 
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is of class C°'" with respect to z locally uniformly in m, has a restriction to f2 x [0, 1 + 77] 
which is of class with respect to m, and satisfies 

r 7^(2;, ■) = on (-CX), U [1 + r/, +00), 

\ - dl 1 (z 1 + ri - s) 

[ f^iz, ■) > on {6, 1 + r^), ^(^, (1 + ^)-) = -Inn /''^ ' ^ < 0. 

Furthermore, the functions (/^) are chosen in such a way that rj 1— > m) is nondecreasing 
in [0, +00) for each {z, m) G x M, and — > / as r/ ^ uniformly in x [0, 1]. For each 
7 G (— cxD,6') and rj G [0,+oo), there exists a unique speed c^^^ > and a unique (up to 
time shifts) front 

R X 3 {t, z) Uj,n{t, z) = ^y^^ix - c^^nt, z) G (7, 1 + r]) 

solving (11. ip with instead of /, and satisfying (11.71) and (11.81) with and 1 + 77 instead 
of c and 1, respectively. Furthermore, 7 1-^ c^^o = c-y is continuous and c^^^ c^^o = 
as ?7 — i> 0, for each 7 G (—00, 9). Fix now any real number c such that c > CQ,^^^(tiQ), any 
real number A and any positive real number e > 0. One can then choose n G (0,e) small 
enough and then 77 > small enough so that 

From (I2.2ip . there exists a time T > such that 

limsupM(T, z) < Q;max(«o) + 

x— >+oo 

Since m is also such that u(T, ■) < 1 in fi, there exists then a time-shift Tq G M such that 

U{T, Z) < Ua^,^{uo)+K,r,{T + Tq, z) = ^a^^^{uo)+K,vi^ " ^ {T + Tq), z) foY all 2: G 

Since > /, the function Ma„,ax(Mo)+K,f) a supersolution of the equation ( 11. ip . whence 
M(t, 2;) < Ma^,,{„o)+K,r,(t + To, z) = ^a^^^{uo)+K,vi^ " ^ {t + Tq), z) for alH > T and 2; G 
from the maximum principle. In particular, for all t > T, 

sup _u{t, X + ct, y) < sup _^an,a,(«o)+«,»?(^ + (c - c)t - c'To, X + ct, y). 

x>A,{x+ct,y)^Q, x>A, (x+ct,j/)6Sl 

But since c> d and ^a„,ax(«o)+'c,»y(+°^' ') = "max(^io) + k < amax(Mo) + ^ uniformly in fi, 
one concludes that 

sup _u{t,x + ct,y) < araa-^iuo) + e 

x>A, {x+ct,y)&Q 

for t large enough. That completes the proof of (I2.20p and Theorem 11.31 □ 
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Proof of Lemma 12.71 From the maximum principle, we have 

< u{t, z) — v{t, z) for all t > and z E Q 

because / > 0. We denote w{t,z) = u(t,z) — v(t,z). Notice that w{0,z) = and the 
conclusion of Lemma [2. 71 holds immediately at time t = 0. We are now going to construct 
a suitable supersolution for w. Let 7 < 6* be such that 

limsup uo{z) < 7. 

x— >+oo 

Pick any positive real number 77 > and consider the front u^y^rj connecting 1 + to 7, 
for the nonlinearity under the above notations in the proof of Theorem IL3I Denote 
c = c^_^ > its speed. Since Uq is also not larger than 1, there exists Tq e M such that 
Uq < u-y^rjiTo, ■) in Q. Therefore, 

u{t, z) < Uy^n{t + To, z) = Tp^^^{x - c{t + Tq), z) 

for alH > and z eVL from the maximum principle. Since Tp^ ^{+00, ■) = 7 < ^, it follows 
that there exists a constant D > such that for allt > and all z = {x,y) eVL such that 
X > ct + D, there holds u(t, z) < 9. 

We now use Duhamel's formula to express the solution w of the problem 

Wt~V ■ {A{z)Vw) + q{z) ■ Vw = f{u). 

Denoting S{t) = e~*^ the strongly continuous semi-group generated by the operator C = 
— V ■ (y4(2;)V) + g ■ V with Neumann boundary conditions i'A{z)'V = on dQ, we have 

w{t,z)= [ S{t-s)[f{u{s,-m^)ds. 



for all t > and z E Vl. Therefore, with the notations of Theorem 12.11 we get 
Vt > 0, Vz G w{t,z)= / / p{t — s, z, z')f{u{s, z')) dz' ds. 



Jn 



Fix now any t > and e > 0. Choose any 6 such that < 6 < min(t, £:/||/||oo) and 
write 

w{t,z)= / / p{t — s, z^ z')f{u{s^ z')) dz' ds + / / p{t — s, z, z')f{u{s, z')) dz' ds 



Jn Jt-sJn 

V ' ^ 



= :I{t,z) =:II{t,z) 

for all z E Q. Notice that < n{t,z) < ||/||oo^ < £■ Let us now estimate the inte- 
gral I{t, z). By the Gaussian estimates in Theorem 12.11 we get that 

0</(t,2)<Co f 7 {t-s)-^e''^'~'^-^^^f{u{s,z'))dz'ds 
Jo Jn 
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for all z & Q. Remember that, for z' = {x',y') G Q, there holds u{s,z') < 6, whence 
f{u{s, z')) = 0, as soon as x' > cs + D. Consequently, for all 2 G f2. 



t-6 



< I{t,z) < Coll/lloo/ / {t-sr^e-'^'-'^-^^dz'ds 

Jo J {z'={x',y'),x'<cs+D} 



M II \x — x I 

< Co||/||oor-e-^*C;v,fi/ / e-^^dx'ds, 

Jo J -00 

where Cn,r > is given as in fl2.15p . But the right-hand side of the last inequality does 
not depend on y and goes to as x — > +00. It follows that lim3;^+oo Iit,z) = 0, whence 
< w{t, z) < 2e for all z = {x,y) & Q such that x > B, for some large enough B. Since e 
is arbitrary small, this gives the desired result. □ 

3 Example for which c^{uq) < c*(uq) 

This section is devoted to the proof of Theorem II. 5[ Let / = f{u) be a nonlinearity 
satisfying fll.3p . Let a and P be given throughout the section, such that 

0<a< (3 <e. 

3.1 Proof of Theorem 11.51 

In this subsection, we first define some useful notations and we derive rough estimates. 
Then, we state a key-lemma which enables us to complete the proof of the theorem. 

Approximating fronts 

As in the proofs of Lemma [231 and Theorem II. 3 [ we consider two families {f ^)r,e[o,i-e) and 
(/^)^g[o,+oo) of (^""^([0, 1 — T]]) and C"^([0, 1 + 77]) functions such that 

\/ve[0,l-9), l^ = Oon[0,e]U{l-v}, > on (^^, 1 - r/), /;(! - r^) < 0, 

Vr7G[0,+oo), J^ = Oon[0,e]U{l + r]}, > on (^, 1 + r/), j'^{l + r])<0, 

and (resp. /^) is extended by outside the interval [0, l — r]] (resp. [0, 1 + 77]). Further- 
more, these functions are chosen in such a way that f„ = fo = f\ that 



/^^ > 4 in M if < r^i < < 1 - 
7^^ < in R if < r^i < 7^2, 

and that lim^^o II/^-/I|l°°(ir) = hm^^o ||7,,-/IU-(k) = 0. For each 7 < 6* and r/ G [0, 1-6'), 
we denote {c^^jj,'^^^) the unique solution of 

ip" +c^y +f {if ) = inM, 
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Similarly, for each 7 < 6* and 77 G [0, +C)o), we denote {c^^r^, f-y^rj) ^ x C^(M) the unique 
solution of 



■y,Ti\ 



00) = 1 + 7] > ^^^^{x) > ip^^^{+oo) = 7 for all x eR, = 



(3.2) 



7,7? \ 



Notice that with the normalization of ip^^ and ^p^^^ at 0, these functions are then really 
unique. With these notations, for each 7 < 6*, there holds c^ q = c^^o = and the func- 
tions and are equal to ip^ up to shifts, where (c-^, p^) solves f ll.l2p . Furthermore, 
we recall (see |TT]) that all functions and Tp^^^ are decreasing in M, that the speeds c^^^ 
and Cy^ri are positive, that 



(7, T]) c^^^ is increasing w.r.t. 7 and decreasing w.r.t. i] in {—00, x [0, 1 — ( 
(7, rj) c^^r) is increasing w.r.t. 7 and increasing w.r.t. r] in (—00, 9) x [0, +00) 



and that 



V 7 < 6*, lim c^i „ = lim 

(7',r?)--{7,0) ~^ (7,'?)-{7,0) 



C'y' ^yy • 



(3.3) 
(3.4) 



Moreover, for each 7 < 6^ and rj E [0, 1 — ^^), let u^^^ be the solution of the Cauchy 
problem 

1-7], if xG (-00,0), 



u^,^(0,x) 



1 — rj — 

7 



if a; G [0,2], 
if X G (2, +00) 



For each 7 < 6*, let be the solution of the Cauchy problem 

(u^)t - {uy)xx = f{uy), X eR, 

1, if X G {—00, 0), 

M.(0,x)=<! ifxG[0,2], 

7 if X G (2, +00). 



(3.6) 



numbers x^ ,^ and x^ such that 



It is known from [25| [39] that, for each 77 G [0, 1 — 0) and each j < 6, there exist two real 

= (3.7) 
lim (sup \u^{t,x) — p^{x — c^t + x^)\ ) = 0. 



lim ( sup „(t, x) — py{x — Cyt + X, 



■7,7?; 



and 
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Definition of a class of initial conditions uq 



Choose any sequence {xn)neN of positive real numbers such that xq = 1, Xn+i — a;„ > 3 for 
all n G N and 

^n+l . . ^3g^ 



+00 as n +00. 



Xr. 



A typical example is when Xn = n\ for large n. Let uq : 
continuous function defined by 



(1 — (y)x 

Uo{x) = 1 if X G (-00, 0), Uo{x) = 1 - ^ — if X G [0, 2] = [0, Xq + 1] 



a, 1] be the uniformly 
(3.9) 



and, for all n G N, 



uoix 



a 



a + 



P — a 



(3 — a 



if a; G {X2n + l,X2n+l - 1), 
[X - X2n+1 + 1) if a; G [X2n+1 - 1, X2n+1 + M, 

iix e {X2n+1 + 1, X2n+2 " 1), 
X - X2n+2 +1) if a; G [x2n+2 " 1, X2n+2 + !]• 



(3.10) 



Let u be the solution of the Cauchy problem (II. lip with this initial condition uq- Our aim 
is to prove that the solution u satisfies the conclusion of Theorem 11.51 In the sequel, uq is 
fixed as above and, for the sake of simplicity, we drop the dependence on uq in the quantities 
aimin(«o); a^a^{uo) , c*(mo) and c* {uq) . 



Values of ttmin and Ctmax 

According to the general notations of this paper, set 



Or 



liminf ( liminf t>(t, x) ) and Omax = limsup ( limsupf (t,x 



where 



v{t, x) 



'A-nt 



_\x-y\^ 

e 4t uo{y)dy 



is the solution of the heat equation 



Vt = Vxx, X G M, 
v{0, ■) = uo 



(3.11) 



with initial condition uq- Notice that a < v{t,x) < 1 for all t > and x G M, from the 
strong parabolic maximum principle. Observe also that, for each t > 0, 



v(t, x) — P 



+ 00 2 



6 4* {uo{y) - P) dy < ^== / e « dy, 
'Ant J-oo VAirt J^oo 
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whence lim sup^^_i_Q^ v[t, x) ^ p. For each n G M, set — "~^2 "'^^ ' There holds 

, , If \V2n-y\'^ 

v{t,y2n) - a < —?= e dy 

and 

v{t,y2n+i) - P> 7= / e 4t dy. 

Since Xn+i — Xn ^ +00 as n — > +00, one gets that hm inf 3^.^+00 ^(^5 a^) = « and 
hm sup^^^o^ f (t, x) = /? for each t > (and also for t = since v{0, ■) = Mq). Finally, one 
concludes that 

O^min and Omax /3- 

Theorem 11.31 implies then that 

Ca<C,<C* < Cp. (3.12) 

First estimates of u(t, ct + x) when c < or c > C/3 

Let us come back to the solution u of (11. lip with initial condition uq given by (13. 9p 
and (I3.10p . The function mq satisfies a < -uq < 1 in M, whence 

a < u{t, ■) < 1 in R 

for alH > (since /(a) = /(I) = 0). Since liminfj,._^+oo '^(t, = a, limsup2.^_,_oo f (t, x) = 
f3 and 

liminfM(t,x) = liminf f (t, x), limsupM(t,x) = limsup w(t, x) 
from Lemma [2. 7[ one concludes that 

inf u{t,-) = liminf u{t,x) = a < P = lim sup u{t, x) (3.13) 



z— >+oo 



X—r + OO 



for all t > 0. Furthermore, for each rj G (0,1 — 6), there is a real number ^ such that 
ip^ ^^{x + ^) < uo{x) for all x G M, under the notations (13. ip . Since f^<f, the maximum 
principle implies that 

^a-rir}^"^ ~ -a-v,v^ + — ""(^j ^) alH > and X G M, 

whence liminfi,.^_oo ^(t, x) > y9^_^^(— oo) = 1 — for alH > 0. Since r] > is arbitrarily 
small and u < 1, one gets that 

V t > 0, supM(t, ■)= lim u{t,x) = l. 

R x^-oo 

According to the notations (13.51) and (13. 6p . there holds 

a < y^oiO, ■)<Uo< m^(0, ■) < 1 in M. 
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As a consequence, 

a < u^,oit, x) < u{t, x) < up{t, x) < 1 for all (t, x) E [0, +00) x M. (3.14) 

Since 

lim (sup Q{t, x) -(pa{x- Cat + X^ 0) 



= lim ( sup x) — (pp{x — Cpt + xp) I ) = 

and since all functions are continuous and decreasing in M, it follows that 

V c < Cq, V a G M, u{t, ct + ■) — > 1 uniformly in (—00, A], 

V v4 G M, a < Lpa{A + x^q) <\imM( inf u{t,cj + x)] {< 1) 

V A G M, (« <) lim sup ( sup u{t, cpt + x)) < (pi3{A + xp) < 1, 

V c > C/3, V A G M, (a <) lim sup ( sup ^(t, ct + x) j < /?. 

Notice also that, for all x G M, 



(3.15) 



(3.16) 



and 



a < ax:= lim inf uit, Cat + x) < hmsup uit, Cat + x) < 1 (3-17) 



a < liminf u{t, C/^t + x) < limsup u{t, cpt + x) =: [3x < 1. (3.18) 



Definition of the functions t ^(t) and x ^ r(x) 

The function uq is Lipschitz-continuous, piecewise C^, and the value 

2(1-^) . ^ 

eo = ^ (0,2) 

1 — a 

is the unique real number such that Mo(^o) = ^- Furthermore, Mo(^o) = ~(1 ~ ct)/2 < 0. 
Remember also that, for each t > 0, the function u{t, ■) is continuous and u{t, —00) = 1, 
limsup^^+00 '^{t, x) < P < 9. Since the number of intersection points of the function u(t, ■) 
with the constant 6 (which is a solution of the same parabolic equation as u) is nonin- 
creasing in time, one concludes that, for each t > 0, there is a unique ^(t) G M such 
that 

uit,at)) = 0, u{t,-)>e in (-oo,e(t)), u{t,-)<e in (e(t),+oo), 

and Ux(t,C,(t)) < (with these notations, there holds ^(0) = ^o)- It follows from the 
implicit function theorem that ^ is a function of t. Lastly, from fl3.14p and (13.151) . there 
exists a constant M > such that 

Vt>0, Cat-M <^{t) <cpt + M. (3.19) 
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Therefore, for each x > ^q, the real number 

mill {t > 0, ^(t) = x} 



TiX] 



is well-defined. Notice that r(x) > for all x > ^o- For all x > ^q, there holds ^(r(x)) = x 
and u{t{x), x) = 6. Furthermore, for all t G [0, t(x)], one has ^(t) < x. As a consequence. 



V X > ^0, V t G [0, r(x)], u{t, ■)<e in [x, +oo) 



(3.20) 



For any < Xi < X2, there holds u{t{x2),xi) > 6 since xi < X2 = ^{r{x2)). But 
w(0, Xi) < 6 since Xi > ^o- Consequently, r(xi) < r(x2). Thus, the function r : [^o; +oo) 
[0, +oo) is increasing. 

Lastly, notice from fl3.19p (applied at t = r(x)) implies that 



In particular, lim„_ 



The key-lemma 



X- M , , x + M 
V X > eo, < r(x) < . 

C/3 Ca 

T{xn) = +00, since lim„^_|_oo = +00. 



(3.21) 



The key-point in the proof of Theorem 11.51 is the following lemma, the proof of which is 
postponed in the next subsection: 

Lemma 3.1 Set Zn = ^JXnXn+\ for each n G N. For each < e < 1, there exists 
Vo = Voi^) > such that the following holds: for all rj G (0,?7o), there is N = iV(e, 77) G N 
such that 



y n> N, 



X2n 



C/3 



Z2n 



X2n+1 



Z2n+1 



r{Z2n+lj 



TyX2n) r[^Z2n) T(^X2„+lj 

u{T{x2n),-) >^ - V ^n (-CX),X2„ - £X2„], 
u{T{x2n), ■) <a + V m [X2n + eX2„, X2„+l - £X2n+l], 
M(r(22n), ■) > 1 - ^ in {-00,Z2n- eZ2n], 
u{T{z2n), ■) <a + r] m [Z2n + eZ2n, X2n+1 " £X2n+l], 
M(r(x2n+l), ■)>l~r] m (-00, X2„+l - £X2n+l], 
\u{T{x2n+l), ■) - P\ <r] m [X2n+1 + £X2n+l, X2n+2 " £X2n+2] 
u{T{z2n+l), ■)>l-r] m (-00, Z2n+1 - £^2n+l], 
\u{r{z2n+l), ■) - P\ <r] m [Z2n+1 + eZ2n+l, X2n+2 " £X2„+2]. 



End of the proof of Theorem 11.51 

First, let c be any given speed such that c < C/3, let x be any given real number and let us 
prove that lim sup^^_,_oQ u{ct, t + x) = 1. Let < e < 1 be such that 



c < (1 - e) X (c/3 - e). 
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Let riQ = riQ^e) be given by Lemma \3A\ Pick any r] G (0,r7o) and let = N{e,ri) G N be 
given by Lemma [3. II Since r(x2n) +00 as n +00, there is Ni > N such that 

Vn>A^i, c+ <{l-e) X (cf^-e). 

For any n > A^i , it follows then from Lemma 13.11 that 

c+-^< il-e)x (cp-e) < (1-5) X 



T{X2nj 'r[X2n) 

whence cr(a:2„) + x < X2n — £X2n- Thus, 

V?2>A^i, M(r(x2„), cr(x2„) + x) > 1 - ?7 
from Lemma [3.11 Since rj is arbitrary in (0,r7o) and since m < 1, one concludes that 

V c < V X G M, lim sup ct + x) = 1. (3.22) 

Let now c be any given speed such that c > Cq,, let x be any given real number and let 
us prove that liminfj^+oo u{ci, t + x) = a and lim supi^_,_oo u(t, ct + x) > (3. Let < e < 1 
be such that 

(1 + e) X (ca + e) < c, 

let ?7o = t]o{£) be given by Lemma IXTl pick any 77 G (0,r7o) and let = N{e,rj) G N be 
given by Lemma 13.11 Since T{z2n) — > +00 and T(x2n+i) +00 as n ^ +00, there is 
iVi > such that 

(1 + e) X (ca + e) < min ( c+ ,^ , ,c+ ^ 



''"I2;2„j' ''"(^X2n+ly 



Lemma [3. II also implies that, for any n > Ni 



;i + e) X f ^" < (1 + X (cc, + e) < c + ,^ . , 
:i + e) X ^^!i±i_ < (1 + ^) X (c, + £) <c+ 



(3.23) 



r(X2n+lj 1"(X2n+l, 

On the other hand, 



X2n+1 ^2?i ^2n ^2n /X2n+1 

— = — X = — X A / > +00 as n — ^ +00 



r[Z2n) T[Z2n) X2n T[Z2n) V ^271 

from ([31]) and ([32ID- Moreover, 

X2n+2 X2n+1 X2n+2 

X > +00 a,s n —>■ +00. 



T(x2n+l) r(x2n+l) X2„+l 

In particular, there exists A^2 > such that 



I ^ I -\ \ X2n+1 

c H — < (1 - X 



w ^ AT I ^(^2n) T{z2n) , . 

V n > A^2, < ^ (3.24) 

~ ' , ^ / N X2n+2 ^ ' 

c + — < 1 - £ X — -. 

T^(X2n+l) r(X2n+l) 
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Eventually, it follows from (KWi and (K2^ that 
V n > A^a, 



Z2n + eZ2n < CT{Z2n) + X < X2n+1 " SX2n+l, 
X2n+1 + ^X2n+l ^ Cr(x2n+l) + X < X2n+2 " ^X2n+2-, 



whence 

f u(r(z2n), cr(2;2„) + x) < a + ?7, 
M n> N2, < 

[ |M(r(x2„+i),cr(x2„+i) +x) -/?| < ?7 

from Lemma [3.11 Since rj is arbitrary in (0,r7o) and since u > a, one concludes that 



V c > Cq, V a; G M, liminf ct + x) = a < /5 < limsup u(t, ct + x). (3.25) 

Since the function u is continuous, properties (13.221) and (13.251) yield: 

V c G (cq, C/3), V X G M, < lim M(tfc, ct^ + x)> = [a, 1]. (3.26) 

Notice that, from (13.121) and the general definitions of c^, and c* given in the introduction, 
formula (I3.26P implies in particular that 

= Cq, K Cfj = c* . 

The second and third assertions in (13.161) then yield (11.131) . 
Furthermore, property (13.221) also implies that, for all x G M, 



<^ lim u{tk, cJk + x)} = [a^, 1], 



where = limmit^+ao u(t, Cat + x) G (a, 1] (see (13.171) ). Similarly, property (I3.25P 
implies that, for all x G M, the real number G [a, 1) given by (I3.18p . namely = 
lim supj_^^_oo u{t, Cfft + x), is such that (5x G [/?, 1) and 



<^ lim u{tk, cptk + x) \ 



Lastly, for any speed c > c^g and for any real number x, it follows from the last assertion 
in fl3A6|) and from (l3:25|) that 

Vc>C/3,VxG]R, < lim n(tfc, ctt + x) > = [a, /3] . 

Furthermore, (I3.13P and (I3.16P imply that 

V c > C/3, V A G M, lim ( sup u{t, ct + x) ) = (3. 

That completes the proof of Theorem 11.51 □ 
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Remark 3.2 It follows from fl319|) . fICT]) and Lemma O that 



Ca = lim inf < lim sup = Cp 

t->+oo t t^+oo t 

and 

1 . r^ix) t{x) 1 

— = limmt < limsup = — . 

In particular, there is no speed c such that the function t ^ C,{t) — ct is bounded and there 
are no 7 < 6* and Xq G M such that u(t,C,(t) + ■) converges as t — +00 to a front ip^{- + Xo). 
These properties are very different from the usual results of the literature, which are 
concerned with initial conditions Uq converging to a constant as x — +00. 



3.2 Proof of Lemma [331 

Choices of rjo = fjoi^) and parameters depending on 77 G (0,?7o) 
Let < £ < 1 be given. Let p > be chosen so that 



< p < - and - - < {cp^ + pec^^) 



(3.27) 



From (13. 3p and (13. 4p . there exists rjo = rio{e) G (0,min(l — 9,9 ~ [3)) such that, for all 
1] G (0, r/o), 



Vr/ G (0,r7o), < 



1 ^ < -. 



1 - 



4-8' 



(3.28) 



■a— 77,377/4 



In the sequel, let be any given real number in the interval (0,?7o). Remember that 

the pairs (Ca_^,^/4, ^_^^ ,^/4), {Ca-rj,3r,/4, ^^-^,3^/^^ ^^P-ri,v/2^ ^p.n,rj/2^ SolvC with 

nonlinearities / and / respectively, and limit values 

if .i-oo) = l-->a-7] = (p ,f+oo). 



3?7 

T 



-a— J7,3r)/4 



ri 
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and that the pairs {ca+v,v^V^a+r],r]) (c/3+^^^, solve (13. 2p with nonhnearity and 

hmit values 

Va+v,v(-^) = l + ri> a + r] = ^„+^,^(+oo), 
^/3+^,^(-oo) = l + r]> (3 + r] = ^^+^^^^(+00). 
There exists a real number A = A{ri) > 0, which is fixed in the sequel, such that 





> 


1 




in 


(-00, -A], 




> 


1 - 


8 - 8 


in 


(-00, -A], 




> 


1 




in 


(-00, -A], 


J—a—r),ri/4 


< 


a 




in 


[A, +00), 


09 

J—a—r),r)/4 


> 


1 - 


V 
2 


in 


(-00, -A], 


^l3-v,ri/2 


< 


P- 


V 
2 


in 


[A, +00), 




> 


1 - 


3?7 

T 


in 


(-00, -A], 


09 

— a— r),3r)/4 


< 


a 




in 


[A, +00), 


09 

^ — Q— »7,3r)/4 


> 


1 - 


V 


in 


(-00, -A]. 



(3.29) 



Because of (13. 7p . there exists also a time T = T(r7) > such that 

V t > T, V a; G M, a;) - v2a(a; - c^t + x^^^) \ < 

Comparisons with solutions of heat equations 



(3.30) 



Let V be the solution of the heat equation (13. lip with initial condition uq- We know that 
a < M, f < 1 in [0, +00) X M. Furthermore, since / > 0, one gets that 

V (t, x) e [0, +00) X M, < a < v{t, x) < u{t, x) < 1. 

On the other hand, for any given x G (^o,+oo), there holds Ut(t,y) = Uyy(t,y) for all 
(t,y) G (0,r(x)] x [x, +00) and u(t,x) < 6 for all t G [0,r(x)] from (13.201) . The maximum 
principle implies that 

V (t, y) G [0, T(yx)] X [x, +CX)), M(t, y) < v{t, y) + w{t, y), 

where w solves the heat equation Wt = Wyy in (0, +00) x (x, +00), with w{^,y) = 
in (x, +00) and w{t, x) = 6 for all t > 0. The function w is explicitely given by 

V {t,y) G (0, +CX)) X [x, +CX)), w{t,y) = —= / e""" dz. 

^/^T Jy^ 
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Finally, 

Vx > ^0, V e (0,r(x)] X [x,+oo), u{t,y) < v{t,y) + — e-'^dz. 
Let now B = Bij]) > be given so that 



2Vt 



1 r+ocj 

V^Jb "4' 
and ^1 = ^i{e,ri) > (> 0) be such that 

3;3/4 _ X — 2 

Vx>^i, mini — , — ^=\>B. (3.32) 
\2v/r(x + x3/4)'2v/^ ' " 

The choice of is possible because of f l3.2ip . In particular, there holds x^^^/ {2^/T{x)) > B 
for all X > .^1, since r is increasing. Thus, 

V X > 6, V t G [0, r(x)], u(t, ■) < v{t, ■) + ^ < v{t, ■) + I in [x + x3/^ +oo). (3.33) 

Notice indeed that the above inequality is immediate at time t = 0. 

Furthermore, for all x > max(^i,2) and (t,y) G (0,r(x)] x [x, +oo), there holds that 

v{t,y)-P = ^== e —{uo{z)-p)dz 



1 /"^ 1 /■+°° 2 1 /■+°^ 2 r; 

< / e ^rfz = ^ / dz < — e'"" dz < - 



Ant, 

from dSH]) and ([S321). Hence, it follows from (^M> that 



^ -L H -C g -L fj \-n \t -i- T^/^ 

4 2 - ^ ' 

where the above inequality also holds immediately at time t = 



V X > max(^i, 2), V t G [0, r(x)], M(t, ■)</?+^ + ^</? + ^ in[x + x^/\ +00), (3.34) 



Choice of a first iteration point X27V0 

Remember that Zm = ^x^x^+i for each m G N, and that 

hm Xm = hm = hm — = hm = +00. 
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Let A^o = No{e, r]) e N he such that 



8A 1 

G + 2 + A + M + c„+^,^T + \x^J + — + A^/^ 4 



4A 



{pey {l-2p)e 



Vm>2iVo,< 



I 3/4 , , _ , _ 9 3/"^ ^ 



4x„ < 6 + 



X < < 



(3.35) 



4 



4 ,93/4, gJJm+l 



A < 



where x^,, G M, M > 0, p G (0, 1/2), A > and T > are given in ([32D, (l3:T9|) . (13:271) . 
IK29\\ and (l330|) . 



Estimates of v in intervals of the type [x + a;'*/^, x^+i — 

Choose any integer n such that n > No, any real number x G [x2n, X2n+i — a^2n+i]5 ^^al 
number t G (0, t{x + x^/^)] and any real number y G [x + a;^/^,X2n+i — 3^2^+1] (when this 
interval is not empty). Since v{0, ■) = Uq = a in the interval [x2n + ^,X2n+i — 1], there 
holds that 



\v{t,y)-a\ < 



X2n + l 



e 4t 



\uo{z) — a\dz + 



e 4t 



\uo{z) — a\ dz 



X2n + l-l 



< 



TT 



^2n + l-M 

2Vt _ 2 , 

e (iz + 



+00 

2n + l-^-V 



e ^ dz 



while 

X2n + ^-y 

2Vi 



< 



-X 



3/4 + 1 



< -B < B < 



X 



3/4 _1 



3/4 



2v/r(x + x3/4) 2v/r(x+x3/4) 2v^ 2v^ 

from (13:321) and ([SJS]). It follows then from (l33T|) that 

V n > iVo, V X G [X2n, a;2n+i - ^siti]. V t G [0, r(x + x^/^)], 

|t;(t, ■) - a| < I in [x + x^/"^, X2„+i - Xa^+u, 

provided that the space interval in not empty. Similarly, since f (0, ■) 
interval [x2n+i + 1, X2n+2 — 1], one gets that 



3/4 , (3-36) 

2n+ 

uq = [3 m. the 



V n > A/'o, V X G [x2„+i, X2n+2 - xy^+2]i V t G [O, r(x + x^/^)]. 



3/4 



|^^(i, ■) - < 2 in [a; + X / , X2n+2 - a;2„+2j, 



(3.37) 



provided that the space interval in not empty. 
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Refined estimates of u{t{x), ■) in intervals of the type [x + x^/^, Xm+i — x^+i] 

Let n > Nohe given. Let us first show that a < u{t, ■) < a + rj in [a;2n + a^2n'*, X2n+i ~X27v+i\ 
for all t G (0,r(x2n)]- This would then, in particular, yield the same inequality, at time 
t = r(x2n), in the smaller interval [x2n + £X2n,X2n+i — £X2n+i], from the choice of Nq 
in fl3.35p . Remember that the lower bound u{t,x) > a always holds. Furthermore, since 
X2n > ^1 and T{x2n) < T{x2n + x^^) , properties (13.331) and fl3.36p -with x = X2n- imply 
that 

V t G [0, T{x2n)], V y G [X2n + X^J^ , X2n+1 " X^n+l]^ u{t, y) < v{t, v) + ^ < O + T]. 

Eventually, 

V n > iVo, V t G [0,r(x2„)], a < u{t, ■) < a + t] in [x2n + xll^*,X2n+i - xl(^^_^^]. (3.38) 
With the same arguments, the following estimates hold: 



' a < U < a + r] in [0, r(z2n)] X [Z2n + Z2n, X2n+1 - x"^^ 



2n+lj5 

^ -^<v <u<^ ^ri in[0, r(a;2„+i)] x [x2„+i + Xa^+i, a;2n+2 - a^gn^]. (3.39) 

^/3-|<f<U</3 + r7 in[0, r(z2„+l)] X \z2n+\ + 2;2nll> X2n^2 - a^M] 

for all n > Nq. The last two properties follow from (I3.33P and (I3.37P applied with x = X2n+i 
and X = Z2n+i respectively. Notice that these three properties then hold a fortiori in the 
smaller space intervals [z2n + £Z2n,X2n+i - £X2n+i], [x2n+i + ex2n+\,X2n+2 - £X2n+2] and 
[z2n+i + £Z2n+i,X2n+2 — £X2n+2] respectively. Actually, one gets more generally that 

yxe[x2n,X2n+i-xliXi], a<u< o + T] in [0,r(x)] X [x+a;^/^,X2„+i-X2i+i] (3.40) 

and 



VxG [x2„+i,X2„+2-a;2i+2]? <P+'n in [0,T{x)]x[x+x^^'^,X2n+2-xli%2] 

for all n > Nq, provided that the space intervals are not empty. 



Prom time t = r(x2n) to time t = r(x2n+i) 

The heart of the proof of Lemma 13.11 consists in estimating from below u{t{x),-) 
on (— oo,x — ex] and estimating some ratios x/t{x), for x = X2n, Z2n, X2n+i and Z2n+i- 
We will do that by induction on n and step by step, from time r(x2n) to time T{x2n+i), 
and from time r(x2„+i) to time r(x2n+2)- 

Step 1: lower bound of r(x) for x G [x2n,X2n+i — '^x^i^^i]- Choose any integer n such that 
n > Nq. There holds 

u{T{x2n), ■) <a + V in [X2n + xli^, X2n+1 - X2n+l\ 
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from (13.381) . Moreover, u{T{x2n), ■) < 1 in M. It follows then from the first assertion 
in fl3.29p and from the inequality ^q,+^^^ > a + 77 in R that 

u{T{x2n),x) < ^a+Ti,v(^ ~ (^2n + xH^) " A) foT all X E {-00,X2n+l - 

Furthermore, since 

X2n < -2xZ, and - 2x^/^1) + (^-+1 - 2x^/^1)^/' < - 4i', 



2n+l) 



it follows from fl3.40l) . applied at x = X2„+i — 2x2^1^, that 



2n+l' 

V t e [0,r(x2„+i - 2x2(+i)], u{t,X2n+i - xli^+i) <a + T]. 

Since > /, the function Tp^_^_^^^{x — Ca+r,,-q't) is a supersolution of the equation satisfied 
by u. Since ^^+77,?? > a + ^7 in M, the maximum principle applied in the set where (t, x) G 

[T{x2n),T{x2n+i " 2 X2(+i)] X (-00, X2„+i - a^g^^+i] then yields 

U{t, X) < ^a,+ri,ri - ^2n " - A- C„+^,^(t - r(x2„)) j . 

for all (t, x) G [r(x2n),T(x2n+i — 2x2^+1)] x (—cxD,X2n+i —a;2n+i]- In particular, by choosiug 
t = r(x) and x G [x2n,X2n+i — "^xliXilj one has 

61 = ti(r(x), x) < (^x - X2„ - xli^ -A- c„+^,^(r(x) - r(x2„)) 

But 

fa+'r],r] is decreasing and equals ^ at 0. Hence, 

X — X2 — x^^^ — A 
V X G [x2n, a;2n+i - 2x2^1+i], r(x) > — h r(x2n) 

X — 3 X2n , X 

> — hr(X2n), 



(3.41) 



since X2n > max(l, A) from (I3.35p . 

Step 2: upper bound of r(x) for x > 3 X2n + Ca+r),r]T. Let n be any given integer such that 
n > Nq, and let X > be such that 

m(7-(x2„), ■) > 1 - ^7 in (-cx),X2n - e'a;2n - -^], (3.42) 

where we set 

Notice that such a X > always exists since M(T(x2n), —00) = 1. Owing to the definition 
of u^^^ in (13.51) . and since u(r(x2n), ■) > a in M, there holds then 



V X G M, u^^^ (0, X - (x2n - £'x2n - X) + 2) < n(r(x2„,) 



,x 
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But subsolution of the equation satisfied by m, since / < /. Thus, 

V t > r(a;2„), V a; G M, u^ .^ {t - r(x2n), x - X2„ + e'x2n + X + 2) < u{t, x) 
Hence, for all {t, x) E [T + T{x2n), +00) x R, 



ifa {x - X2n + b' X2n +X + 2 + X^^^ - Ca{t - T{x2n)) " | < u{t, 



X) 



(3.43) 



from fl3.30p . Since 3 a;2n + Ca+n,TiT < 4x2n < X2n+i — x^i^i from (13.351) . and since r is 
increasing, there holds 



y X>3X2n + Ca+r^^r^T, t{x) > t{3 X2n + Ca+jj.r^^") > T + r(x2,i 



(3.44) 



where the last inequality follows from (I3.4ip . In particular, by choosing x > 3x2n + Ca+r],r)T 
and t = t{x) >T + r(x2„) in (I3.43p . one gets that 

^Pa {x - X2n + + X + 2 + x^^^ - c„(r(a;) - r(x2„)) " g < u{t{x),x) = 9, 

whence 

X -X2n + e'x2n + X + 2 + - Ca(r(x) - r(x2„) > -A 
from the second assertion in (13.290 and since if>a is decreasing. Thus, 



V X > 3 X2n + c«+^,^T, t{x) < 



< 



< 



X - X2n+ £'x2n + X + A + 2 



X + e'x2n + X + A + 2 + M 



X + 2X2n + X 



r{x2r. 



(3.45) 



from fl3:2B and <K3^ . and since e' = e/2<l/2< 1. 

Step 3: estimates of T{z2n) and T{x2n+i) and lower bound of u on the left of Z2n and X2n+i- 



Notice that 



3a;2n + Ca+T^,r)T < AX2n < Z2n < X2n+l — '^X^2n+\ — X2n+1 



because of (13.350 . As a consequence, it follows from (I3.4ip . (I3.45P and the monotonicity 
of r, that 

Z2n — 3X2n ^2?i ~ X2n , , \ ^ i \ ^ ^2n + '^X2n + X 
< h T{X2n) < r{Z2n) < , 



C. 



X2n+l 2 xJ t-, 3 X2n ^ X2n+l 2 xJ,-, 3 X2n , , x ^ 
< V r{X2n) < 



(3.46) 



■ ■ < T{x2n+1 -2xliXl) < r{x2n+l) < 



X2n+1 + 2a;2n + X 
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provided that (13.421) holds. Since X2n+i > -22n > 3 X2n + Ca+ri,r]T, it follows from fl3.43p 
and fIXlIl) that 

71 

u{T{z2n),x) > Lfa - X2„ + £:'X2„ + X + 2 - (t (2:2,,) - T (xan) )) - - , 

\ (3.47) 

u{T{x2n+l),x) > [X - X2n + s' X2n + X + 2 + X^^^- Ca{r{x2n+l) - r{x2nj)) - - 

for all X G M. On the other hand, for all x < Z2n — ^'-22n — X = Z2n — £Z2n/2 — X, there 
holds 



X 



X2n + £'x2n + X + 2 + X - Ca{r{z2n) - t(x2„)) 



< ( 1 - IT^ ^ ) ^2n + 3 a;2n + 2 + X^ .^ 

from ([32HD, dSJlD, fl3:46|) and since -X2n + e'a;2n < 0. Thus, 

u{T{z2n), ■) > ^d-A) - \>\-->\-^ in (-00, Z2n ' s' Z2n ' X] (3.48) 

o 4 

from (13.471) . from the second assertion in (I3.29p . and since ipa is decreasing. Similarly, for 

all X < X2n+i — £'x2n+i — X, there holds 

X -X2n+ e'X2n + X + 2 + X^^^ - cjKj{x2n^\) " r{x2n)) 

< ( 1 - ^ \ ) X2n-^\ + 3X2„ + 2 + X^^^ + 2X2(^1 

- (i ~ I) ^^"^^ + 4 X2„ + 2 + X„ ,^ + 2 Xs^+i < X2„+l < -A 

from (13:281) . fl335|) and (13:^61) . whence 

M(r(x2n+i), ■) > V5a(-^) - ^ > - -T > - V in (-00, X2„+i - £:'x2„+i - X] (3.49) 

o 4 

from (13.291) . (I3.47P and the monotonicity of (pa- 
Prom time t = r(x2n+i) to time t = r(x2n+2) 

Step 1: lower bound of r(x) for x > X2n+i- Choose any integer n such that n > Nq. There 
holds 

M(r(x2„+i), ■) < P + V in [x2n+i + xli^-i^, +00) 

from (I3.34P and (13.350 . Furthermore, M(r(x2n+i), ■) < 1, ^/3+r;,jy — P~^V ^^^'^i3+ri,ri — 1 
in (—00, — A] from the third assertion in (13.290 . Thus, 

V X G M, u{T{x2n+l),x) < ^/3+r,,ri (x - (X2n+1 + xH^l) - A^ . 
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Since ^ pj^r),-^^^ ~ C/3+ri,rit) IS a supersolution of the equation satisfied by u, the maximum 
principle implies that 

W {t,x)e[T{x2„+l),+00) X M, U{t,x) < Tpi^_^^^^(x-X2n+l-xliX-^- A--Cf3+^r,,r,it-T{x2n+l)fj ■ 

In particular, by choosing any x > X2n+i and t = t{x) > T{x2n+i), one gets that 

9 = u{r{x),x) < '^p+run ~ ^2n+i - Xsiti - A- C/3+^,^(r(x) - r(x2„+i))). 

Since ^^_,_^ ,^(0) = 6 and the function Tpi^j^^^^ is decreasing, the argument of Tpi^j^^^^ in the 
above formula is nonpositive, whence 

_ _ 3/4 _ . o 

Vx > X2n+i, r(x) > = hr(x2„+i) > — z Vr[x2n+i) (3.50) 

from ([335]) • 

Step 2: upper bound of r(x) for a; G [x2„+i + x'^2n+ii^'2n+2 — '^x^-In+'iS- Let n be any given 
integer such that n > Nq, and let F > be such that 

uiT{x2n+i),-)>l - ^ in (-oo,a;2n+i - £^'2;2n+l - (3.51) 

We are going to estimate from below, by suitable travelling fronts, the solution u on the 
time intervals [T{x2n+i),r{x2n+i + xK^^)] and [r(x2„,+i + Xa^+J, r(x2„+2 - 2x2(^+2)]. 

Remember that u{T{x2n+i), ■) — < 1 — ''?/4 in M and that < 

in [A, +00) from the fourth assertion in (13.291) . Thus, 

V X e M, M(r(x2„+i), x) > {x - (x2„+i - e'x2„+i -Y)+ A). 

Since '^^_^^jJyX — c^_r],r)/it) is a subsolution of the equation satisfied by m, the maximum 
principle implies that, for all (t, x) G [r(x2n+i), +00) x R, 

u{t, x) > [x - X2n+i + e'x2n+i + Y + A- c^.^^^/^it - r(x2„+i))) . (3.52) 

Let us now find a better subsolution of u for times larger than r(x2n+i + xy^_^^. It 
follows from (13.371) -apphed at x = X2n+i^ and the inequality u > v, that 

u{T{x2n+l + a;2n+l)) ') ^ '"{T{x2n+1 + a;2n+l)) ") ^ ~ ^ [a^2n+l + xl(^_^_i, X2n+2 — a;2{+2]- 

Since M(r(x2n+i + xl^^_^^), ■) > 9 > (3 - r]/2 in (-00, X2„+i + Xg^+i], one gets that 

M(r(x2„+1 + Xaitl), in (-00, X2n+2 - x^J^_^2]- 
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Furthermore, since r is increasing and , is decreasing, it follows from the fifth 

' o l!—a-'q,ri/A 

assertion in fl3.29p and from (I3.52p that 

Since V'^_^^/2 — 1^ ~ "^1'^ +^) by virtue of the sixth assertion in fl3.29p . and since 

in ^ , < 1 — 77/2 in M, it resorts from the last two formulas that 

—p—r),ri/2 " 

M(r(x2n+i + a;2^1ti)' ") ^ ^/3-^^,V2 ^' ~ {^2n+i-e' X2n+i-Y -2 A) + A) in (-00, a;2n+2-X2it2]- 
On the other hand, there holds X2n+i < a^2n+2 — 2 xy^_^2 — X2n+2 — a^2n+2 

(a^2n+2 — 2a;2n+2) + {x2n+2 — '^'^2n+2f^'^ ^ a^2n+2 " '^2n+2- 

It follows then from (13.370 applied at x = X2n+2 — 2 x^2n+2 ^'^d from the monotonicity of r 
that 

V t e [0, r(x2„+2 - 2 X2(t2)]> a;2„+2 - 3^2(^2) > a;2n+2 - a;2{t2) - ~ |- 

Set 

rri ■ i I o 3/4 N / , 3/4 N , a;2n+2 —a;2n+2 ~^2n+l +^'3^271+1 +'^ + 2 ^ 

T = mm(r(x2n+2-2x2;+2).^(2;2n+i + 2;2n+i)-l 

C/3-r,,r,/2 

Observe that T' G [t(s2„+i + a;2{'^x), r(x2ri+2 — 2x2^+2)] ^'^^ that 

^/3-W2 (^2n+2-a;2it2-a^2n+l+eW+l+l" + 3 A-C^_^^^/2(^-^(a;2n+l + ^^X^)) < 

for all t G [t(x2„+i + a;2{+i), ^T, because of the sixth assertion in fl3.29l) and the monotoni- 
city of V^p_^^i2- Eventually, since Vp_^^j2^^ ~ ^S/3-j7,»?/2^) ^ subsolution of the equation 

satisfied by u, the maximum principle applied in [T{x2n+i+x'^n+i) ^ ^1 ^ (~oO) 3;2n+2— a^2n+2] 
yields 

U{t,x) > ^^_^_^/2(^ -X2n+l+e'x2n+l+Y + 3A-Cf^_^^^/2{t-T{x2n+l+xli%-^))^ (3.53) 

for all {t,x) G [r(x2„+i +a:2^1ti)>^1 ^ (-oo,X2n+2 -a;2n+2]- 
Pick any x G [x2„+i + X2{+i,X2n+2 - 2x2{+2], set 

3/4 ^ ^ X - X2„+l + £:'X2„+1 + Y + 3A 



t{x) = r(x2n+l + X2n+l) + 



^l3-ri,v/2 
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and assume that r(x) > t{x). Then t{x) < t{x) < T{x2n+2 — 2x2^+2) since r is increasing. 
On the other hand, 

,/ N , / , 3/4 N , X2n+2 — '2X2l^_^_2—X2n+l+£'x2n+l+y + 'iA 
t[x) < T[X2n+l+X2n+l)^ 

(3.54) 

^ , , 3/4 N , X2n+2 — X2n+2~^'in+l+^X2n+l+Y + '^A 

< r(a;2n+i + a;2n+i) + 

f^l3~r],-q/2 

since —^2n^2 + ^ < 0, because of fl3.35l) . Thus, t{x) < T' . Observe also that 

t{x) > r(x2„+i +a;2iti) 

by definition of t{x) and since x > X2„+i + x^l^^i > X2n+i and all parameters Y and A are 
nonnegative. One can then apply (13.531) at the point (t{x),x) and one gets 

u{t{x),x)>^^_^^^^^{o) = e, 

whence r(x) < t{x), owing to the definition of r(x). As a consequence, the assumption 
t(x) > t(x) cannot hold and one concludes that 



yxe[x2n,^+xZ,,X2.,2-2xZ, 

t{x) < t{x) = r(x2n+l + X2iXl) + 



3/4 ^ , a; - X2n+1 + £'x2n+l + Y + 3A 



^f3-rj,ri/2 (3.55) 

< t(x +x"' ) , ^ + ^ + 3^ 



Step 3: estimate of r(z2n+i) and lower bound of u on the left of Z2n+i- It follows from 
(IMlj), (|3^, (|3^ and the inequality 



X2n+1 + ^2n+l — ^2n+l < a:2n+2 " 2 X2{_,_2 



that 



^2n+l ~ 3 3;2n+l , ^2n+l ~ 3 X2n+1 , / x ^ 

< z h r(a;2n+i) < 



3/4 

< T[Z2n+l) < \- 



X2n+1 + X2n+i + M ^ Zgn+l + Y + 3A 



(3.56) 



^f3-v,v/2 



provided that (13.511) holds. Furthermore, 

''■(3^2^+1 + X^n_^_i) < T{z2n+l) < 'r{x2n+2 — 2 3^2^+2 ) — ^(a^2n+2 — '2^2n^2) < ' ' ' 

, 3/4 X X2n^2—X^2n^2~'^2n^\^^'x2n+\^Y + 2A 

• ■ ■ S T(a;2ri+l+X2„_,_ijH 

C/3-r,,r,/2 
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from fl3.54p and (13.551) . Thus, T{z2n+i) < T'. The inequahty (13.531) and the monotonicity 

^f3-ri,r,/2 



w(T(22n+l), a;) > ^^_.^^/2(^2n+l - £'2;2n+l - a;2n+l + £'X2n+l + 3 A • • • 

But it follows from ([MI]), (13211), and (l336|) that 

+ 3 A - C^_^,^/2(^(2;2n+l) - 'T{x2n+1 + a;2„+l)) 



8 2. 



^ o ~ o ^2n+l + 6 H X2n+1 < ~a^2n+l < -A, 



whence 



u{T{z2n+l), ■) > 1p_rj,ri/2^-^) >^-^>^-V (-0°, ^2n+l " £'2:2n+l " • (3.57) 

from the seventh assertion in (I3.29p . 

Step 4: estimate of u on the left of X2n+2 at time T{x2n+2 — '^^'In^'i)- With similar argu- 
ments as above, one has 

and 

a^2n+2 ~ P£a^2n+2 ~ S a;2n+2 ~ a;2„+2, 

since F > in (I3.5ip and since p^x:2,n^2 — 1 from (13.350 . Thus, inequality (I3.53P and the 
monotonicity of (p imply that, for all x G {—oo,X2n+2 — P^X2n+2 — ^], 

u{T{x2n+2 - 2 X2^1+2), a;) > ^^_^^^^/2 (^2n+2 - PSX2n+2 " X2„+l + s' X2n+l + 3 v4 ■ ■ ■ 

■ ■ ■ ~ C^-»7,»7/2(''"(^2n+2 — 2X2^^_^2)~^(^2n+l+a;2n+l)))- 

But, as in Step 3, it follows from (I3.2ip . (I3.28p . (I3.35P and (l3.5Up applied at X2„+2 — 2x2^+2, 
that 

a^2n+2~/'^a:2n+2~a;2n+l+^'a;2n+l + 3^ — C^_^^^/2('^(^2n+2"~2X2{_^2) ~ 'T{'^2n+l + ^2n+l)) 

n 3/4 

<(P^^P^ np\T I ^g/3-W2^2«+2 pS 3/4 , 

^ \~r + ~^ P^l ^2n+2 H Z S 7a;2n+2 + ^ a;2„+2 S 

whence 

M(T(x2n+2 - 2X2^1+2) > ■) > ^/3_^,^/2(~^) - ^ ~ ^ (-^' ^2n+2 " peX2n+2 - • (3.58) 
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Step 5: estimates of T{x2n+2) and of u on the left of X2n+2 at time r(x2n+2)- Remember 
that u(r(x2n+2 -20:2^^2)' ■) > a in R, that ^^,^3^/4 < l-3r//4 in M and that ^^,^3^/4 < a 
in [A, +cxd) from the eighth assertion in (13.291) . Thus, 

V X G M, .(r(a:2„.2 - 2 4L%),^) > - (x2„.2 - p.X2„,2 -Y) + A) 

from (I3.58p . provided that fl3.5ip holds. Since ~ Qa-rifi-q/i^) is a subsolution of 

the equation satisfied by u, the maximum principle yields 

U{t,x) > ^^_^^^^^^(x-X2n+2 + peX2n+2 + Y + A~C^_^.^^/^{t-T{x2n+2-2xl^^^^^^ (3.59) 

for all {t,x) G [T(x2n+2 — 2x2^+2), +00) X M. In particular, at 

t = r{x2n+2) > 'r{x2n+2 -2X2^+2) and X = X2„+2, 

one gets that 

^ = M(r(x2„+2),a;2„+2)>^„_^3^/4(peX2n+2+>'+^-C„„^,3,,/4(^(2^2n+2)-r(x2„+2-2X2(t2))^^ 

whence 

r(x2„+2) < r(x2„+2 - 2x2^+2) + 



3/4 ^ ^ p£:X2n+2 + Y + A 



since is decreasing and V^^,.^ 3^/4(0) = ^- It follows then from (13.211) . (I3.50p 

and (I3.55P applied at x = X2n+2 — '^'^2n^2i ^^at 

3^271+2 — 3 X2n+1 ^ ^2n^2 ~ 3 X2n+1 , / \ ^ i \ ^ 
Z < Z V r(X2n+l) < r(X2n+2) < " " " 

^ X2n+1 + X^j^^^ + M ^ X2n+2 - 2 Xa^^ + ^ + 3 A ^ pgX2n+2 + ^ + A 

Lastly, inequality (13.590 applied at t = r(x2n+2) > T(x2n,+2 — 2x2^+2) implies that 

V X < X2„+2-e'a;2n+2-^, U{r{x2n+2),X) > '^^_^^^^^^(^^X2n+2 + P£X2„+2+ A 



> 09 , (-A) > 1-ri 



(3.61) 



since Lp 3 ^4 is decreasing and because of the last assertion in (13.291) and because of ([22 

Conclusion of the proof of Lemma 13.11 

As already underlined, for all N > Nq, the estimates 

U(r(x2„, ■) <a + r] in [X2„ + £:X2n, X2n+1 - £X2n+l], 

u{T{z2n, ■) <a + r] in [Z2n + eX2n, X2n+1 " £X2n+l], 

\u{T{x2n+i, ■) - P\ <r] in [x2n+i + £:x2n+i , a;2n+2 - £:a;2n+2], 

, \u{T{z2n+l, ■) - P\ <r] in [Z2n+1 + eZ2n+l, X2n+2 - eX2n+2] 
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follow from (K35\f . fl338D and (Km . 

Now, since u{t{x2No), -co) = 1, there exists a nonnegative real number X2Ar„ = 
^2No{^:V) ^ such that 

u{t{x2No), ■) > 1 - ^7 in (-oo,a;2Afo - £^'a;2Afo - ^2No]- 

In other words, X2N0 plays the role of X in (13.421) . with n = Nq. It follows then from fl3.48p 
and fl3:49|) that 



u{t{z2No), ■)>1-^>1-^ in 2:2Aro - £^'2;2Aro - -'^2Afo] 



(3.62) 



and that 



u{t{x2No+i, ■)>^-^>^-^ in (-00, X2N0+1 - e'x2No+i - X2N0] 



(3.63) 



As a consequence, property fl3.5ip is fulfilled with Y = X2N0 and n = Nq. It follows then 
from fl337D and (KOT^ that 



uiTiz2No+l), ■)>^-^>^-V in (-00, Z2N0+I - £'z2No+l - X2N0] 



(3.64) 



and that 

u{t{x2No+2, ■)>l-V in (-CX), X2N0+2 - £'x2No+2 - X2No]- (3.65) 

By an immediate induction, one gets that the above four estimates fl3.62p - (l3.65p hold for 
all n > Nq. Hence, since e' = e/2 > and limm^+00 = lim, 
exists an integer Ni = Ni{e, rj) > Nq such that 



■m— >+oo 



+00, there 



V n > A^i, < 



M(r(x2n), ■) >l-V in (-00, X2n - £X2n], 
u{T{z2n), ■) >l - V in (-00, Z2n " £Z2n], 
u{T{x2n+l), ■)>l-V in (-00, X2n+1 - £X2n+l] 
, n(r(z2n+l), ■)>l-V in (-00, 2:2n+l - £Z2n+l]- 



Furthermore, by an immediate induction, it also follows that the estimates (13.460 . (I3.56P 
and (I3.6UI) hold for all n > Nq with X = Y = X2No- Therefore, since hm^^+oo = 

linim^+00 ^m+l /Xm = lim^^+00 Z,n/Xm = +00, OUC gCtS that 



Cn, < liminf , , < lim sup _^ ^" ^ < Ca+r],ri, 



T[Z2n) 



T[Z2n] 



^ y . r X2n+1 , X2n+1 ^ _ 

Cn < hmmt — r < hmsup — r < c, 



c 



T\X2n+\ 

:/3-r,,r,/2 

1 I ^^^-1 



T(a;2n+i, 



, ,. . r 2;2„+l 2;2„+l 

< hm mt — < hm sup — < 

n^+oo T{Z2n+\) n^+oo r(2:2n+l) 



l%-77,,;/2 



-77,3r;/4 



-1 



< liminf 



2^2n+2 



r(X2„+2j 



< lim sup 



2^2ri+2 



< 



40 



Because of ( 13.281) . there exists an integer N = N{e,ri) > Ni such that 



y n> N, 



X2n 



T(X2n 



C/3 



+ 



Z2r. 



T(Z2n 



+ 



X2n+1 



r[X2n+lj 



Z2n+l 



r[Z2n+l, 



C/3 



< e. 



That completes the proof of Lemma 13.11 



□ 



Remark 3.3 The behaviour of the solution u in the region where it is less than 6 is close 
in some sense to that of the solution v of the heat equation, as expected. The function v 
oscillates at large time between a and (3, infinitely many times: such a nontrivial dynamics 
is well-known for the heat equation, see However, the difficulty in the above proof 
came from the nonlinear reaction term f{u) and from the estimates of the position and 
average speed of the solution u as time runs. 
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